Mathematics — III

Question Bank

3" Semester (Civil) BTAM 301-18

L.

IT.

[1I.

IV.

VL

Find the gradient of the function f:
1L f=kx+ 12Zy—1)

= 95" + 4)°

f=y/x

(r+ 67+ (=47

f=x*+ _y4

6. 1= (* = ¥)/(* + 1)

Prove the following formulae:
LV = aft v

. V(fo) = Vg + gVrf

L V(#g) = (1/g)(eVf - Vg

. V2(fg) = gV2f+ 2Vf - Vg + V%

G W

Find the gradient and its value at P:
. f=xy, P (—4,5)
L= x/(2 + A, P (1)
=In(x®+ /). P (8.6
=2+ P2+ 2972 P(12,0,16)
f—4x2+9y2+z, P (5 -1, —11)

For what opoints FP:(x, 2 does VF with
£= 25x% + 952 + 1622 have the direction from P to

the origin

CALCULATION OF THE DIVERGENCE
Find div v and its value at .
Lv= 24297, P(-1,0%
2. v= 0, cosxyz,sinxyz, F: (2,%#,0
dv=02+ A xy
4 v= vy 2, velz x),vq(x, ¥, F (3,1, -1)

PROJECT. Useful Formulas for the Divergence.
Prove

(a) div (kv) = kdivv (k constant)

(b) div () = fdivv + v+ Vrf

(c) div(fVg) = fV2g + Vs Vg

(d) div(fVg) — div (gVf) = FV2g — gV°rf

Verify (b) for f= ™ and v = axi + byj + czk.
Obtain the answer to Prob. 6 from (b). Verify (c) for
f=x> - and g= &**¥. Give examples of your
own for which (a)-(d) are advantageous.

= m e

v=x2_yzzzx,_y,z, P (3 -1,4)

.v=[x2+_y2+22'j_3’21,y,2

. For what vq is v= e"cos y, " sin ¥, vy solencidal

Let v = x,y v .Find avg such that (a) divv >0
everywhere, (b) divv = 0if |z] < 1 anddivv < 0if
|zl = 1.



VIIL.

15-20( LAPLACIAN

Calculate VZf by Eq. (3). Check by direct differentiation.
Indicate when (3) is simpler. Show the details of your work.
15. f= cos®x + sin® y

16. r= &

17. f=In (® + ¥

18. f=z— Vi + >

19. = 1/(x* + * + )

20. f= e cosh 2y

VIII.

CALCULUTION OF CURL

Find curl v for v given with respect to right-handed
Cartesian coordinates. Show the details of your work.

4. v= 22 5x0
V=X KXV Z
v = {.\’2+_y2+22:|_3"r2 XV Z

v=10,0, e Tsiny

2

_ a2
v= e ¥, ¥

o=

IX.

PROJECT. Useful Formulas for the Curl. Assuming
sufficient differentiability, show that

{a) curl (u+ v) = curlu + curl v

(b) div (curlv) =0

(c) curl (fv) = (grad f) X v + feourl v
(d) curl (grad £) = 0

(e) div(uxv) =vecurlu —u=curl v

15-20 | DIV AND CURL
With respect to right-handed coordinates, letu = y, z, x,
v = Jz zx, xy, = xyz,and g = x + y + z Find the given
expressions. Check vour result by a formula in Proj. 14
if applicable.

15. curl (u + ), curl v

16. curl (gv)

17. vecurlu,u =+ curl v, u+*curl u
18. div (u x v)

19. curl (gu + v), curl (gu)

20. div (grad ( fz))



XI.

XIL

XIII.

XIV.

LINE INTEGRAL. WORK

Calculate I F(r) = dr for the given data. If F is a force, this
C

gives the work done by the force in the displacement along

C. Show the details.

F= 32 —x2, Cy=4x%from (0,0) to (1, 4) 8.

. FasinProb.2, Cfrom (0, 0) straight to (1, 4). Compare.

. F= x, 152, Cfrom (2, 0) straight to (0, 2)

. F as in Prob. 4, C the quarter-circle from (2, 0) to
(0, 2) with center (0, 0)

6. F= x—yy—

from (2, 0, 0) to (2, 277, 0)
7.F= %222, Cr= costsint e from(1,0,1)
to (1,0, &7). Sketch C.

[ZA - o)

F= & coshysinhz, Cr= tt ¢ from(0,0,0)
to (3,%.%3). Sketch C.

9.F=x+ypy+zz+x,
to 1. Also from r= —1to 1.

zz—x, Cr= Zcostt2sint 10 F= yx —z 2y from (0,0, 0) straight to (1, 1, 0), then
to (1, 1, 1), back to (0, 0, 0)

1LF= e%e¥e?, Cr= ¢ from(0,00)to

Cr= 2t.5¢¢ from =10

(2,4, 2). Sketch C.

INTEGRALS (8) AND (8*)

Ewvaluate them with F or fand C as follows.
15. F = 32 2 1%,

0=¢=A4dm

16. Ff=3x+y + 5z C:r= tcoshtsinht,
0= r= 1. Sketch C.

C:r = 3cost 3sint 2f,

17. F= x+yy+zz+x, Cr= 4costsint, 0,

O=r=m
18. F = _}fl"'lg, x2 0, Cthe hypocycloid r = cos® ¢,
sin®r0, 0=r=7/4

19. F=x1z, Cir= 432 12t, —-2=r=2
Sketch C.

20. F= xz3z x°, Cr= tte, 0=r=5.
Sketch C.

PATH INDEPENDENT INTEGRALS

Show that the form under the integral sign is exact in the
plane (Probs. 3-4) or in space (Probs. 5-9) and evaluate the
integral. Show the details of your work.

(am, )
3. J [%cos%xms 2y dx — Zsin%xsin 2y dy)
(w2, wh

6, 1)
4, J éW(2x dv + 4x2 dy)
(4,00

J- 2,102, w2

. e¥(ysinz dx + xsin zdy + cos zdz)

0,0, )

aLe .
6. J a® "'f"'z[xdx + ydy + zdz)
0,0, 0)

,1,1)
7. J (yzsinh xz dx + cosh xzdy + xysinh xz dz)
©,2,3)

13-19| PATH INDEPENDENCE?
Check, and if independent, integrate from (0, 0, 0) to (a, b, ¢).
13. 26" (x cos 2y dx — sin 2y dy)

14.
15.
16.
17.
18.
19.

(sinh x3) (zdx — x d2)

xZydy — dxy? dy + 82%x dz

eV dx + (xe¥ — &) dv — yé dz

dydry + zdy + (y— 22) dz

(cos xp) (jz dx + xzdy) — 2 sin xy dz

(cos (x® + 2)2 + ) @xdx+ dydy + 2z d2)



XV.

XVL

LINE INTEGRALS: EVALUATION
BY GREEN'S THEOREM

Evaluate J F(r) » dr counterclockwise around the boundary
c
C of the region by Green's theorem, where

1. F= y, —x, Cthe circle x> + y* = 1/4

2. F= 6% 2x— 2, the square with vertices
*+(2,2), (2, -2

3. F= x2Y y?‘e"ﬁr , the rectangle with vertices (0, 0),
(2,0), (2,3, (0,3

4. F = xcosh2y,2x%sinh 2y, :x’=y=x

5. F= x>+ 22—, :1l=y=2-x2

6. F = cosh y, —sinh x, l=x=3,x=y=3x

7. F = grad (x® cos® (xy)), as in Prob. 5

8. F= —e “cosy,—e *siny,  the semidisk
2+y2=16,x=0

9.F= ¥ eVInx+2x, :1+xt=sy=s2

10. F= x5 —x/y*, :1=x"+y/=4,x20,
¥ = x. Sketch

FLUX INTEGRALS (3) | F+ndA
g

Evaluate the integral for the given data. Describe the kind
of surface. Show the details of your work.

1. F= —xz,_yz,O, Sr= uv,3u—2v,

O=wu=1l5 -2=v=2
2.F= &Y &1, Sx+y+z=1 xz=0, y=0,
z=0
3.F=0,x0, S22+ +2=1, x=0,
y=0, z=0

L F= & -, Sx2+,2=25 x=0,
yz0, 0=z=2
2

5. F= x, 3z, Sr= wcosv,usinv, u”,

0=u=d —-wT=E=vET
6. F = coshy, 0, sinhx, S:z=x+_y2, 0=y=x
0=x=1

1. F= 0,siny,cosz, S the cylinder X=_y2, where
0=y=7m/land0=z=y

8. F= tanxy,xy, S)PP+72=1 2=x=5
y=0, z=0

9. F=0,sinhzcoshx, Sx2+ 2=4,
0=x=1/V2 0=y=5 zz0

10 F= 2 x2 A2, Sz=4Vxi+)2 0=z=38,

y=0



XVIIL.

XVIIIL.

APPLICATION

OF THE DIVERGENCE THEOREM

Evaluate the surface 'mtegralJ-J-F * nn dA by the divergence
s
theorem. Show the details.

9. F = XZ,U,ZZ, S the surface of the box |x =1,
[M=3, 0=z=2

10. Solve Prob. 9 by direct integration.

11. F = & ¢ &, S the surface of the cube |z =1,
M=1 =1

12. F = Xa—_y3,ya—za,za—x3, S the surface of
2+ +2=25 zz=0

13. F = siny cosx,cosz, 5, the surface of
X2+_y2§4, |zl =2 (a cylinder and two disks )

14. F as in Prob. 13, S the surface of x2 +y2§ 9,

l=z=2

15. F = 2x2 1,2 sinmz, S the surface of the tetrahe-
dron with vertices (0, 0, 0), (1, 0, 0), (0, 1, 0), (0,0, 1)

16. F = coshx, z y, Sas in Prob. 15

17. F = Xz,_}'z, 22, Sthe surface of the cane x2 +y2 =7
O=z=h

18. F = [xy, yz zx , S the surface of the cone x> + j°
=47 0=z=2

DIRECT INTEGRATION OF SURFACE
INTEGRALS

Evaluate the surface integral ”- (curl F) = n dA directly for
the given F and S. $

1. F= 2 —x2.0,Sthe rectangle with vertices (0, 0, 0),
(1,0,0),(0,4,4),(1,4, 4

2. F= —13siny,3sinhz x , S the rectangle with vertices
0,0,2), (4,0,2), (4,m/272), (0,7/272)

3. F= e * e Fcosy,e*siny, S z= }/2/2
—l=x=1, 0=y=1

4. F as in Prob. 1, z=x(0=x=1, 0=y=4).
Compare with Prob. 1.

5. F=1z2,%x,0, S0=x=a 0=sy=a
7=

6.F= 32 -0, Sx2+2=1, z=

T.F= & &, Sz=x (0=x=2,
0=y=1)

8.F= 220, Sz=ViZ+)/
y=0, 0=z=4h

9. Verify Stokes’s theorem for F and S in Prob. 5.

10. Verify Stokes’s theorem for F and S in Prob. 6.



XIX.

In each of Exercises 1-8, use the definition of the Laplace transform to find
£{ f(1)} for the given f(t).

L fity =
2. fit) = sinh ¢.

5,
3. fu) = { 0

4. fi) =

7. flt)y = {2 -1,
0,

0=<t=<2
t> 2.
D<t<3§,
>3,
0=<t=<2
t> 2,
0<t<l,
l<t<2,
> 2
D=1<1,
l=1<2,
=2

0=¢t=<1,

1=¢t<3,

8 — 2t t=3.

2t,
8. fin) = 12,
XX.
1. Use Theorem 9.2 1o find £{cos® at}.
2. Use Theorem 9.2 to find £{sin at sin bt}.

3. Use Theorem 9.2 to find £{sin’ at} and then employ Theorem 9.3 to obtain
£{sin? at cos at}.

4. Use Theorem 9.2 to find £{cos’ at} and then employ Theorem 9.3 to obtain
#{cos? at sin at}.

5. If £{t*} = 2/5% use Theorem 9.3 to find £{*}.
6. If £{*} = 2/5*, use Theorem 9.4 to find £{¢'}.
7. Use (9.11) and (9.13) to find £{f(0)} if
1) + 3£y + 2f(t) = 0,
8. Use (9.11) and (9.13) to find £{f(¢)} if
[t + 4f'@) — 8f() = 0, f(0) =3, f'(0)=—1.
9. Use formulas (9.17) and (9.11) to find £{f()} if
f ) = '@,
[0 =2 f() =1, and f(0) = 0.
10. Use formulas (9.17) and (9.18) to find £{ f(¢)} if
S0 =0,
[0y =1,

f(0) =1, and ['(0) = 2.

f©0) =0, f(0)=0, and f(0) = —1.
(Page 496 on Ref. 3.)
XXI.
11. Use formulas (9.11) and (9.18) and Example 9.3 to find £{f(1)} if
21"ty + 3f' () + 4f(r) = ¥,
f(0) = =3, and ['(0) = 2.
12. Use formulas (9.11) and (9.18) and Example 9.4 to find £{ f(t)} if
3ty = 5f'(¢) + Tf(t) = sin 2¢,
fi0)y =4, and f'(0) = 6.
13. Use Theorem 9.5 to find £{e=t7}.
14. Use Theorem 9.5 to find £{e* sin® bt}.
15. Use Theorem 9.6 to find £{t* cos bt}.
16. Use Theorem 9.6 to find 2{t* sin bt}.
17. Use Theorem 9.6 to find £{t%*}.
18. Use Theorem 9.6 to find £{t%*}.



XXII.
Use Table 9.1 o find £-YF(s)} for each of the functions F defined in Exercises

1-30,

l.F(s}:?-}jfﬁ. 2.F:.1]=$+;.

5. Fls) = 55 4. F(s) = g,f 5

5. Fis) = ﬁ 6. F(s) = 2.

9. F(s) = .;'*3+1' 10. F(s) = f;" ff

11. F(s) = ;;i;—iﬁ. 12. Fis) = 'a%'
13. F(s) = ﬁ' 14, F(s) = ; i ;‘.

15, Fls) = ﬁ 16. F(s) = :‘:3‘:‘.

17. Fis) = {23—1-[—}, 18. F(s) = H

19. F(s) = {5‘:—:-2—]:. 20, F(s) = ’z(:,"ﬁ.
23, F(s) = ﬁ‘%. 24, F(s) = F‘:s—?_l
25. F(s) = m, 26. F(s) = ;—-;—%,i—wm,
27. F(s) = W. 98. Fis) = 2 :;: - '2?: + 16
mjm-%%%. mjm=§ﬁ£%$,

XXIII.

In each of Exercises 1-6 find £ '{H(s)} using the convolution and Table 9.1.

1. His) = 2. His) =

s+ 55 + 6 PRI T
1 1
3. His) = =5 L HO = T T )
5. H(s) = ——— 6. H(s) = :

s + 3)° (s + 2s* + 1)



XXIV.

Use the Laplace transforms to solve each of the initial-value problems in Exercises

1-22.
Ly —y=¢% 2.y +y=2sint,
»0) = 2, y0) = —1.
.7+ 4y =87 4.y + 2 = 168,
y(0) = 5. 5(0) = 7.
59" — 5 + 6y = 0, 6. 9" +y — 12y = 0,
¥y =1 0O =2 ¥0) =4, y(0) = -1
. -6'+%=0 B.y" + 2y +5y =0,
y0) =2 (0 =9 y0) =2, y(0) =4
9. 9" + 4y = 8, 10, 3" + 9y = 36e-%,
§0) =0. 50 =6 §0) =2, y'(0) = 3.
11. y* + 63" + By = 16, 12, 2y +y' = Fe¥,
y(0) = 0, ¥ (0) = 10, $(0) = 2, y'(0) = 0.
13. y* =y = 0, 4. 5% — 25" +y = 0,
y0) =0, y0) =1, 0 =0, () = 4,
yo =15 =0 YO =0, y"(0) = 8.
15. y" — 3" — 2y = 1Be~*sin 3¢, 16. 5" + 2y +3 =t ¥,
¥(0) = 0, ¥ (0) = 3. ¥(0) = 1, 3'(0) = 0.
17, 9" 4+ 79" + 10y = 4%, 18. " — By’ + 15y = Ote?,
yO =0, (= -1 3O0) =5, y(0) = 10.
19. 5" + 3y + 2y = 10 cost, 20. 5" + 5y’ + 4y = (61 + 8)e,
20 =0, O =17 MO =1, yO) = 1.
2L y" = By" + Ty' = 3y = 20sint, 22, y" - 6" + 11y’ — 6y = 364",
20 =0,y =0, yO) = =1, y'(O) =0,
¥y = -2 ¥(0) = —6.
XXV.
Use Table 9.1 to find £ '{F(s)} for each of the functions F defined in Exercises
1-14.
1 F‘:S}:m_s:-“ﬁ“?'" 2. F(£j=(?j_+2:1£-h
3. F{s}=m,-a 4 Fiﬂ=;,+]“+2e-"
1. Fis) = ﬁ,—umz. 8. F(s) = = fs.‘:-f lg""“
9. F(s) = *"s+" 10, ¥ = (-m&;!,n
1. F(s) = ];:;m. 12, Fis) = ":!‘—::_
13, F(s) = 2L+ e PR (e |

#okts s(sf + 4)



XXVI.

Use Laplace transforms to solve each of the initial-value problems in Exercises
1—12.

1. 3" + 2y = ki), where kit) = {g :}:;rq *
»0) = 5.

2. 3y’ — 5y = his). where h(t) = {?0. '::: ‘5*‘: >
¥(0) = 4.

3. y" — 3y' + 2y = h(¢), where hir) = {g c:;: ;{ *
¥0) =0,  3%(0) = 0.

¥y = 0, ¥ (0 = 0.

XXVII.
Use Laplace transforms to solve each of the initial-value problems in Exercises
1-6.
Ly —4y =6t -2, y0) =3
2y 4+ 4 + 5y =460—2n), 0)=0, y(0) =0
L.y +y=40t-m), y0)=0 yi0) =1L
LY+ 3 +2=4d1-4), y0)=2 yi0)= -6
.y +4y + =4t -mn), y0)=1, ¥'(0) = -3,
6.y +4y + 5y =dlt-mn), =1 5i0)= -2
XXVIII.
GRAPHS OF 277—PERIODIC FUNCTIONS
Sketch or graph f(x) which for —7 < x << is given as
follows.
6. f(x) = |x|
7. flx) = |sinxl, flx) = sin |x|
8. f(x) = e, ) =l
X if —mT=<x<0
9. f(x) = {
a —x if 0=x<
—cos?x if —wm<x<0
10. f(x) = {
cos®x if 0<x<
XXIX.

Find the Fourier series of the given function £(x), which is
assumed to have the period 2. Show the details of your
work. Sketch or graph the partial sums up to that including
cos bx and sin 5x.

12. £(x) in Prob. 6
13. £(x) in Prob. 9

. flx)=x> (—(m<x<m
15. flx) = x2 (0 < x< 2m)



XXX.

XXXI.

FOURIER SERIES FOR PERIOD p = 2L

Is the given function even or odd or neither even nor
odd Find its Fourier series. Show details of your
work.

1
| |
-1 0 1
9. _
I I
-2 2
-1
10 4
L \
-4 4

1L fld =+ (-l<x<l), p=2
12 f=1-x"/4 (—2=x=2), p=4
13.

1
2

|
1
2

Pl

M fd =cosmy (—2<x=3 p=1
15.

L
2

z

16. fl1 =xfa] (—l<x<1), p=2

o

-1 1




HALF-RANGE EXPANSIONS

Find (a) the Fourier cosine series. () the Fourler sine serles.
Sketch rx) and its two periodic extensions. Show the

details.
23. 4
1
Fl
4. 4,1
1
= 4
25, T
1 E3
26. o
ZF —
1 1
3 F3
2
27. =
: K
1
3 E3
=3
z8.
I

29, Ffx) = sin a0 = a = Tr)
XXXII.

EVALUATION OF INTEGRALS
Show that the integral represents the indicated function.
int. Use (3], (10), or (11); the integral tells you which one,
and its value tells you what function to consider. Show your
work in detail.
0 if x<=0

1 Jcosxw+ wsinmdx= a2 if x=0

o 1+ w

me " if x=0

L

J’slnn-wgmm {Esiﬂx if O=r=w
0 1 - w B 0 if r=m

W if x>
cos 4 mw trosx f 0<|d<im
0 f I = g

Yox f 0<x<1

::]_ 1
7 L EUS'FWﬁan:.{W if D=y

D\:\sx\rd\r={
1-w

sinxwdw =14 ¥ if x=1
o if x=1

J‘slnw—wcusw

X w?

6. J’mdw—ére_’cmx if x=0
[T |



XXXIII.

XXXIV.

XXXV.

FOURIER COSINE INTEGRAL

REPRESEMTATIONS
Represent f{x) as an integral (10).
1 if D=x<=l
'F-ffx]={
0 if r=1
Poaf D=x<1
S.f[x]={
0 ir =1
Ao =111+ x=0. iat See (13).
&F-21rif D=x<a
10. ffi]={
r=a
¥ if D=x=mw
11. fix) ={
X=T
T df {]::x::a
12. f[z‘]={
r=a

16-20 | FOURIER SINE INTEGRAL
REPRESENTATIONS

Represent f(x) as an integral (11).

x If 0<x<a
lﬂ.ffil:{
0 if x> a
1 if D=x<1
17 ff.ﬂ={
if xr=1
cosy if O=x<=w
18 ff.ﬂ={
0 i x>
9. 73 {e" if D=x=1
fid) =
0 if xr=1
e ™ if D=ux=l1
20 f[x]={
1] if xr=1

FOURIER COSINE TRANSFORM

1. Find the cosine transform fiw) of fix) =
D=x<l, fi=-11f l=x=2, fl[_r,]=
x=2

2 Find f in Prob. 1 from the answer f.

3 Find f,(w) for fix) =x if O =x =<2, flx)=01f
x=2

4. Derive formula 3 in Table [ of Sec. 11.10 by integration.

5 Findfiw) forfir) = x*if0 <x <1, f{) =0ifx>1L

6. Continuity assumptions. Find g.iw) for g(x) = 2 If
D=x<1, gl =01ifx> 1. Try to obtain from it
fulw) far £ in Prob. 5 by using (5a).

7. Existence? Does the Fourler cosine transform of
xlsinx 0 <x<m) exist Of x lcosx Give
reasons.

8. Existence? Does the Fourler cosine transform of
flx) = k = const (0 < x < =) exist The Fourler sine
transform

FOURIER SIME TRANSFORM
9. Find F,(e™™), a =0, by integration.

10. Obtain the answer to Prob. 9 from (5h).

11. Find f,(w) for fix) =x2 f0<=x <1, flg =01f
x=1

12 Find F,(xe"%) from (4b) and a suitable formula in
Table I of Sec. 11.10.

13. Find F,(¢™™ from (4a) and formula 3 of Table I in
Sec. 11.10.

14. Gamma function. Using formulas 2 and 4 in Table I
of Sec. 11.10, prove TE) = vV (30) in App. A31,
a value needed for Bessel functions and other
applications.

15. WRITING PROJECT. Finding Fourier Cosine and

Sine Transforms. Write a short report on ways of
obtalning these transforms, with illustrations by
examples of your owi.



XXXVL

[2-11] FOURIER TRANSFORMS BY
INTEGRATION

Find the Fourler transform of () (without using Table
111 in Sec. 11.10). Show details.

ST gf —lex=l
ZIfLﬂ:{D otherwise

If a<x<bh

3709 = {[} otherwise

TN ox=0 (k=0

4'fm={[} if x=0

& f —a<x<a
5lfm:{l} otherwise

6. fig) = e (- < x <o)

x if D=x<a
7. =
e {[} otherwise
T i —1=x=0
g
e = {[} otherwise

0

x if —-l=<=x=<1

0 otherwise

9. 03 = {lxl f —l=x=<1
0.7 = {

-1 if -1<x<0
ILflg={ 1 if OD<x<l

0 otherwisa
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